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Project Objectives and Methodology
Carbon nanotubes (CNTs) possess remarkable properties. They are very stiff and very strong, yet
ductile. They can be conducting or semiconducting, depending on their chirality. Possible
applications of CNTs include diverse areas such as conductive and high strength composites,
energy storage and conversion devices, sensors, field emission displays and radiation sources,
nanometer sized semiconductor devices, probes and interconnects. This project is concerned with
a fundamental modeling, numerical and experimental study of the dynamical response of carbon
nanotubes.
Primary project objectives:
• A hierarchical modeling approach is proposed here in which standard continuum mechanics,
enriched continuum mechanics and molecular dynamics are being used to study the
dynamical response of CNTs.
• Experiments are being carried out to measure natural frequencies and quality factors of
suspended nanotubes. Measured values are being compared with simulations based on
different models described above.
• Nanoscale devices such as tunable high frequency oscillators, transistors and ultrasensitive
mass and force transducers will be built.
Research Progress
1. Enriched continuum mechanics model for CNTs [1]:
Development of a nonlinear atomistic-continuum constitutive framework is currently underway
to characterize the mechanical behavior of single-walled nanotubes. Following the constitutive
model developed by Zhang et al.[2], Mukherjee’s group has successfully extracted the
extensional and torsional stiffnesses (Et and Gt respectively, where E: Young’s modulus, G:
Torsional modulus, t: nanotube wall thickness) of representative armchair, zigzag and chiral
nanotubes. Using the Tersoff-Brenner multi-body interatomic potential for carbon, the elasticity
tensor (in the context of a continuum analysis) is obtained from an appropriate definition of the
strain energy density function. Expressions for the extensional and torsional stiffnesses are then
derived, and the numerical values (given in Table 1) are obtained at the onset of deformation.
Consistent values obtained corresponding to these material properties indicate that they do not
depend strongly on the chirality of the nanotube (Saito et al.[3]) except for certain cases. The
aforementioned framework contains the capability to extract constitutive relations at intermediate
stages of deformation and is expected to be an important component of further mechanical
analyses. Also encouraging is the fact that the relative magnitudes of the torsional and
extensional stiffnesses fall within the well known range in continuum mechanics.
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2. A tunable carbon nanotube electromechanical oscillator [4]:
Modeling and simulation of electrical
actuation and detection of guitar-string
oscillation modes of doubly-clamped
CNT oscillators have just been reported
in an article in the journal Nature [4]. It
is shown here that the resonance
frequencies can be widely tuned and
that the devices can be used to
transduce very small forces. The device
geometry and experimental set-up are
shown in Figure 1. The CNTs are
grown by Chemical Vapor Deposition
(CVD) and are suspended over a trench
(typically 1.2-1.5 µm wide and 500 nm
deep) between two metal (Au/Cr)
electrodes. The measurement is done in
a vacuum chamber. Actuation and
detection of the nanotube motion is
carried out by using electrostatic
interaction with the gate electrode
under the tube. Transistor properties of
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Tersoff-Brenner
parameter set-1
(9,6) Chiral
(5,5) Armchair
(10,0) Zigzag

Extensional
Stiffness (N/m)
121.016
120.023
117.375

Torsional
Stiffness (N/m)
35.674
35.797
19.392

Tersoff-Brenner
parameter set-2
(9,6) Chiral
(5,5) Armchair
(10,0) Zigzag

Extensional
Stiffness (N/m)
157.292
156.014
152.356

Torsional
Stiffness (N/m)
41.811
41.815
21.579

Table 1. Values of extensional and torsional modulii for 3 different CNTs, and the two sets of Tersoff-Brenner parameters.

semi-conducting and small band gap semi-conducting carbon nanotubes are used to detect the
vibrational motion of the CNT.
Experimental results for the measured current as a function of driving frequency at room
temperature appear in Figure 2a. Figures 2b and 2c show the measured response as a function of
the driving frequency and the static gate voltage. The resonant frequency shifts upwards with
increase of the magnitude of the DC voltage. Several different vibrational modes of the CNT are
observed. Finally, simulated results for a representative device are shown in Figure 2d. The
frequency dependence of the resonances is in good qualitative agreement with theoretical
predictions.
3. Phonon-phonon interactions and clamping losses:

(a)

(b)
Figure 3. Dispersion relations for (a) straight and (b) bent nanotubes.

Figure 4. Dispersion relations for free and clamped nanotubes.

The main vibration mode (acoustic
mode) of a nano oscillator interacts with
the thermally distributed vibration modes
of the system. This interaction results in
energy loss. Energy can also be lost at
the clamped ends of a nano oscillator.
These loss mechanisms are under current
investigation. This analysis is being
carried out by expanding the Hamiltonian
of the system around its equilibrium
configuration. The scattering rate of the
acoustic phonon is calculated by Fermi’s
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Golden Rule. Preliminary results appear in Figures 3-4. Figures 3a and 3b show dispersion
relations for a straight nanotube as well as a nanotube that is bent into a torus. Gaps are seen to
open up in Figure 3(b) at points where the different branches of the dispersion curves intersect.
The magnitudes of these gaps, as functions of the radius of curvature, are needed to determine
the phonon scattering rate.
Figure 4 compares the dispersion relations of a free nanotube with that of a clamped one. It is
seen that the wave vector changes very little for the higher frequency modes, thus indicating that
this loss mechanism should be important in these modes. In contrast, clamping losses should be
negligible for the transverse acoustic mode. Therefore, it is possible to create high quality factor
devices that operate in this regime.
4. Detailed BEM/FEM model for vibration of nanotubes:
Work is in progress on a detailed Boundary Element – Finite Element (BEM-FEM) model for
simulating vibrations of a nanotube. The FEM will be used to model a nanotube as a beam and
the BEM will be used to model the exterior electric field. Analogous work on MEMS plate
vibrations and on thin plate MEMS has recently been carried out on this project [5-8].
Preliminary results from BEM calculations for the charge distribution around a nanotube appear
in Figures 5a and 5b. As expected, the charge distribution is nearly axisymmetric when the gap is
large and is asymmetric when the gap is small. The traction at a point on the nanotube outer
surface is proportional to the square of the charge density and is directed radially outwards.

(a)

(b)

Figure 5. Charge distribution _(b,_) around a nanotube with inner and outer radii a=0.665 nm and b=1 nm. (a) Large gap
g=250 nm. (b) Small gap g=0.1 nm. The actual difference between _max and _min in (a) is about 1% of _max.

Future work
Ongoing work involves detailed simulation of vibration of carbon nanotubes, calculation of
losses and further experiments. An enriched continuum model is being implemented in order to
simulate more realistic behavior of vibrating CNTs. The last task in this project involves the
building of CNT devices. A tunable CNT oscillator has already been presented in [4] and also in
this report. Other examples of devices that will be tried are ultrasensitive force and mass
detectors. From the start, this project has been a close collaborative effort between the mechanics
and physics groups at Cornell, and this will continue during the rest of this project.
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